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Abstract
We examine over arbitrary fields the possible implications among the concepts due to D. Saltman
of generic Galois extension, retract rational extension, the lifting property for Galois extensions, the
notions due to G. Smith of generic polynomial, and of descent generic polynomial due to F. DeMeyer.
 2003 Elsevier Science (USA). All rights reserved.
In [8], David Saltman introduced the notions (equivalent over an infinite field) of generic
Galois extension, retract rational field extension, and the lifting property for Galois exten-
sions of local rings. There, Saltman applied these ideas to give an equivalence between
Noether’s problem on the rationality of certain fixed fields under group actions [7] and the
Grunwald–Wang Theory of simultaneous approximations of rational valuations [10]. Later
in [2], the more concrete notion of generic polynomial was introduced (these polynomials
are now called descent generic) and the equivalence of this notion with generic Galois ex-
tension over infinite fields was checked. In [9], Gene Smith defined the notion of generic
polynomial in a different way than in [2], and produced several generic polynomials. Gre-
gor Kemper has shown [5] that over infinite fields a polynomial is generic if and only if it
is descent generic. Arne Ledet had earlier shown in [4] that the existence of generic and
descent generic polynomials over infinite fields are equivalent. Thus, as a consequence of
work of Ledet [4] and Kemper [5], it is known that for infinite fields, the existence of a
generic Galois extension, the lifting property, retract rationality of F(xσ | σ ∈G)G the ex-
istence of a generic polynomial, and the existence of a descent generic polynomial are all
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equivalent. In [4], Ledet suggested studying the situation over (possibly) finite fields. This
is the purpose of this paper.
Our main results show that the theory breaks into two parts when the base field is not as-
sumed to be infinite. In the first part, all extensions which appear in the theory are restricted
to be fields and subgroups of the Galois group are not included (Theorem 1). In the second
part, extensions are permitted to include direct sums of fields and subgroups of the Galois
group are included (Theorem 2). We have not been able to decide whether the existence
of a generic polynomial for Galois field extensions with a given group G and a Galois
extension with group G generic for Galois ring extensions are equivalent (see Theorem 7).
1.
Theorem 1. The following are equivalent.
(1) (There is a generic polynomial for Galois field extensions N/K of F with group G.)
There exist indeterminants t1, . . . , tm and a separable polynomial g(t1, . . . , tm)(x) ∈
F(t1, . . . , tm)[x] whose Galois group is G such that: If K is a field containing F and
N/K is a Galois field extension with Galois group G, then there exist λ1, . . . , λm ∈K
such that N is the splitting field of the separable polynomial g(λ1, . . . , λm)(x) ∈K[x].
(2) (The pair (G,F ) satisfies the lifting property for Galois field extensions.) If K is a
field containing F and N/K is a Galois field extension with Galois group G and
R is a local F algebra with maximal ideal M and R/M ∼=K , then there exists an R
algebra S such that S is a Galois extension of R with Galois group G and S/MS ∼=N .
(3) (F(xσ | σ ∈G)G is retract rational.) If t1, . . . , tm and {xσ | σ ∈G} are indeterminants
and φ :F [t1, . . . , tm] → F [xσ | σ ∈ G]G is a surjection of rings, then there exist
u ∈ F [t1, . . . , tm], v = φ(u) = 0 in F [xσ | σ ∈G]G such that the induced surjection
Φ :F [t1, . . . , tm] 1u → F [xσ | σ ∈G]G 1v is split.(4) (There is a generic Galois extension for field extensions N/K of F .) There are an F
algebra R and an extension S/R such that
(a) S/R is Galois with group G.
(b) R = F [t1, . . . , tm] 1u for some 0 = u ∈ F [t1, . . . , tm] and indeterminants t1, . . . , tm.(c) For any field extension K of F and any Galois field extension N of K with Galois
group G there is a homomorphism φ :R→ K such that N ∼= S ⊗φ R as Galois
extensions of R.
Proof. (1) implies (2). Let λ1, . . . , λm ∈K such that the splitting field of g(λ1, . . . , λm)(x)
over K is N . For i = 1, . . . ,m let ri ∈ R be a preimage of λi under the natural map
R→R/M . Note that g(r1, . . . , rm)(x) ∈ R[x] is separable overR since it is separable over
R/M when its coefficients are reduced modulo M . Let u be the product of the discriminant
of g(t1, . . . , tm)(x) and the denominators of the coefficients of g(t1, . . . , tm)(x) expressed
in lowest terms. The assignment ti → ri induces φ :F [t1, . . . , tm] 1u → R, since the substi-
tution ti → λi gives a well defined image g(λ1, . . . , λm)(x) ∈K[x] and since the separa-
bility of g(x) ∈ R[x] implies that the image of the discriminant is a unit in R. If β1, . . . , βn
are the roots of g(t1, . . . , tm)(x) in a splitting field, then T = F [t1, . . . , tm] 1u [β1, . . . , βn]
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is a splitting ring of g(t1, . . . , tm)(x) over F [t1, . . . , tm] 1u and the Galois group of T
over F [t1, . . . , tm] 1u is G. Now, S = T ⊗F [t1,...,tm] 1u R is a Galois extension of R with
Galois group G and S ⊗R R/M = S/MS is a Galois extension of R/M with Galois
group G. Moreover, g(λ1, . . . , λm)(x) splits in S/MS so by uniqueness of splitting fields,
S/MS ∼=N .
(2) implies (3). We are given a surjection φ :F [t1, . . . , tm] → F [xσ | σ ∈ G]G which
induces a surjection (we still denote φ), φ :F [t1, . . . , tm]kerφ → F(xσ | σ ∈ G)G. Since
F(xσ | σ ∈G) is a Galois field extension of F(xσ | σ ∈G)G with Galois group G, the hy-
pothesis implies that there is a Galois ring extension S ofR = F [t1, . . . , tm]kerφ with Galois
group G, and if M = kerφ ·R then S/MS ∼= F(xσ | σ ∈G). That is, φ can be extended to
an epimorphism (which we still denote φ) where φ :S→ F(xσ | σ ∈G) and φ commutes
with the action of G. Choose β ∈ S so φ(β)= xe. Then φ(σ(β))= xσ for all σ ∈G. Let
g(x)=∏σ∈G(x−σ(β)) ∈R[x] so φ(g(x))=
∏
σ∈G(x− xσ ). Let θ :F [xσ | σ ∈G]→ S
by θ(xσ )= σ(β). Observe that φ · θ is the identity i on F [xσ | σ ∈G]. Also observe the
restriction of θ to F [xσ | σ ∈ G]G maps F [xσ | σ ∈ G]G → R since θ commutes with
the action of G. The coefficients si of φ(g(x)) lie in F [xσ | σ ∈ G]G so we can write
θ(si)= pi/qi with pi, qi ∈ F [t1, . . . , tm], qi /∈ kerφ. Let u=∏i qi ·
∏
σ =τ (σ (β)− τ (β))
and v = φ(u). Then φ · θ(v)= v so φ :F [t1, . . . , tm] 1u → F [xσ | σ ∈G]G 1v is split by θ .
(3) implies (1). By [1, Theorem 2, p. 323] there is a surjection φ :F [t1, . . . , tm] →
F [xσ | σ ∈ G]G. By hypothesis we are given u,v and θ splitting φ :F [t1, . . . , tm] 1u →
F [xσ | σ ∈ G]G 1v . Let g(t1, . . . , tm)(x) = θ(
∏
σ∈G(x − xσ )). Let K be a field extension
of F and N a Galois field extension of K with Galois group G. Let α generate a nor-
mal basis for N , so {σ(α) | σ ∈ G} forms a basis for N as a vector space over K . Let
ρ :F [xσ | σ ∈ G] → N by ρ(xσ ) = σ(α). Let λi = ρ · φ(ti ). Then g(λ1, . . . , λm)(x) =
ρ · φ · θ(∏σ∈G(x − xσ )) = ρ(
∏
σ∈G(x − xσ )) =
∏
σ∈G(x − σ(α)), so N is the splitting
field of g(λ1, . . . , λm)(x) over K . To compute the Galois group of g(x) over F(t1, . . . , tm),
let R = F [t1, . . . , tm] 1u and T = F [t1, . . . , tm] 1u ⊗ F [xσ | σ ∈ G] 1v . Let P be the kernel
of φ. Then φ extends to an epimorphism from RP onto F(xσ | σ ∈ G)G and RP ⊗ T is
a Galois extension of RP with Galois group G and homomorphic image the Galois field
extension F(xσ | σ ∈G) of F(xσ | σ ∈G)G with kernel P · T . Therefore P · T is a prime
ideal in T and RP ⊗ T ∼= TP ·T is a local finite étale extension of RP . Therefore, by [6,
Proposition 3.7, p. 27], T is an integral domain. The quotient field of T is the splitting field
of g(x) over F(t1, . . . , tm) so the Galois group of g(x) is G.
(3) implies (4). If G is cyclic and F is finite a generic extension (for Galois ring ex-
tensions) always exists by [8, Theorem 2.1]. If G is not cyclic or F is infinite then we
can assume K is infinite and construct a generic Galois extension as follows. By [1,
p. 323] there is a surjection φ :F [t1, . . . , tm] → F [xσ | σ ∈ G]G. By hypothesis we are
given u, v and θ splitting φ :F [t1, . . . , tm] 1u → F [xσ | σ ∈G]G 1v . Let g(t1, . . . , tm)(x)=
θ(
∏
σ∈G(x − xσ )). After replacing v by v ·
∏
(xσ − xτ ) and u by θ(v) we have that
F [xσ | σ ∈ G] 1v is a Galois extension of F [xσ | σ ∈ G] 1v
G
with Galois group G. Let
R = F [t1, . . . , tm] 1u and let S = F [xσ | σ ∈ G] ⊗θ R. Then S/R is a Galois extension
with Galois group G. Let K be a field extension of F and N a Galois field extension of
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K with Galois group G. Since K is infinite, [8, Lemma 5.2] implies that there is a normal
basis for N over F , generated by α, such that if ρ :F [xσ | σ ∈G] →N by ρ(xσ )= σ(α)
then ρ(v) = 0. It follows that N ∼= S ⊗ρφ K .
(4) implies (2). Let T be a local F algebra with maximal ideal M . Let K = T/M
and assume N/K is a Galois field extension with Galois group G. Let φ :R → K be a
homomorphism with N ∼= S ⊗φ K . We are given R = F [t1, . . . , , tm](1/u). Let ai = φ(ti )
and choose bi ∈ T such that bi is a preimage of ai . Define θ :R→ T by setting θ(ti)= bi .
Note that θ(u) is invertible because T is local. Since S ⊗ T ⊗ T/M ∼= S ⊗ K ∼= N , we
have T ′ = S ⊗θ T defines a lifting for N/K . ✷
Definition. Let R be a commutative ring and g(x) ∈ R[x] a separable polynomial. An R
algebra L is a splitting ring for g(x) in case L is a finitely generated projective R module,
g(x)=∏ni=1(x − αi) ∈L[x], and L is generated as an R algebra by the roots of g(x).
Theorem 2. The following statements are equivalent.
(1) (There is a generic polynomial for Galois ring extensions L/K with group G for
any field extension K of F .) There exist indeterminants t1, . . . , tm and a separable
polynomial g(t1, . . . , tm)(x) ∈ F(t1, . . . , tm)[x] whose Galois group is G such that:
If K is a field containing F and L/K is a Galois extension of commutative rings
with group G, then there exist λ1, . . . , λm ∈ K such that L is a splitting ring of the
separable polynomial g(λ1, . . . , λm)(x) over K .
(2) (There is a descent generic polynomial for G over F .) There exist indeterminants
t1, . . . , tm and a separable polynomial g(t1, . . . , tm)(x) ∈ F(t1, . . . , tm)[x] whose
Galois group is G such that: If K is an field containing F and N/K is a Galois
field extension with group H G, then there exist λ1, . . . , λm ∈K , such that N is the
splitting field of the separable polynomial g(λ1, . . . , λm)(x) over K .
Proof. (1) implies (2). Given the data in the hypothesis of 2, let L = IndGH (N) =
K[G]⊗K[H ]N . By [8, Proposition 0.3], L, with properly defined multiplication and group
action, is a Galois extension of K with Galois group G, and L is isomorphic to [G : H ]
copies of N . By (1), there exist λ1, . . . , λm ∈ K such that L is a splitting ring of the
separable polynomial g(λ1, . . . , λm)(x) = g(x). Projecting the roots of g(x) on the first
summand N of L gives that N is also a splitting ring of g(x). This proves (2).
(2) implies (1). Let L/K be as in (1). Then L ∼= Le1 ⊕ · · · ⊕ Lek with ei orthogonal
irreducible idempotents. G acts transitively on the ei , and if g ∈ G with g(e1) = ei and
Hi = {g ∈ G | g(ei) = ei} then Hi is the Galois group of Lei over K , giH1g−1i = Hi ,
G= g1H1 ∪ · · · ∪ gkH1 is a left coset decomposition of H1 in G and Le1 ∼= Lei by gi .
By (2), Le1 is a splitting field of the separable polynomial g(x)= g(λ1, . . . , λm)(x) for
some choice of λ1, . . . , λm ∈K . Let {α1j | j = 1, . . . , q} be the roots of g(x) in Le1, and let
αij = gi(α1j ). Since gi fixes K , each αij is a root of g(x) in Lei , and a sum on i of any αji is
a root of g(x) in L. Taking the difference of two such sums which differ at only one index
i gives each αji − αki and so
∏
j =k(α
j
i − αki ) = 0 lies in both K and the subalgebra of L
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generated by the roots of g(x). Thus each ei and therefore all the αji belong to the subal-
gebra of L generated by the roots of g(x) in L. Therefore, the roots of g(x) in L generate
L as a K algebra. Let αj =∑ki=1 gi(α1j )=
∑k
i=1 αij . Then in L[x], g(x)=
∏q
j=1(x− αj )
so L is a splitting ring for g(x). ✷
Note 3. It is obvious that the two equivalent conditions of Theorem 2 imply each of the
three equivalent conditions of Theorem 1. If F is infinite, then Gregor Kemper in [5]
showed that a polynomial satisfying statement (1) of Theorem 1 also satisfies statement (2)
of Theorem 2, so all five statements are equivalent when F is infinite.
Example 4. There is no descent generic polynomial for the cyclic group C3 of or-
der = 3 over the field Z2 with 2 elements. For checking the first condition of Theo-
rem 2, if g(t1, . . . , tm)(x) were such a polynomial then L = Z(3)2 is a Galois extension
of K =Z2 with Galois group C3 cyclically permuting the summands, so there would exist
λ1, . . . , λm ∈ Z2 with L a splitting ring of the separable polynomial g(λ1, . . . , λm)(x).
Since g(λ1, . . . , λm)(x) also would then have to split in Z2, the only possibilities for
g(λ1, . . . , λm)(x) are x , x − 1, and x2 − x . Thus the degree of g(t1, . . . , tm)(x) in x would
necessarily be  2. But then, the field GF(8) with eight elements could not be a splitting
field of any specialization of g(t1, . . . , tm), since the degree of GF(8) over Z2 is 3.
Note 5. D. Saltman showed in [8, Proposition 2.6] that there is a generic Galois extension
for C3 over Z2. Thus while the notions of generic Galois extension and descent generic
polynomial are equivalent for G over F when F is infinite, these concepts are distinct
when F is finite.
Note 6. G. Smith showed in [9] that if G is a cyclic group of odd order and F is a field
whose characteristic is relatively prime to the order of G then there is a generic polynomial
for Galois field extensions N/K of F with group G. It follows from Example 4 that the
equivalent conditions in Theorem 1 do not imply those in Theorem 2.
Theorem 7. Let F be a field and G a finite group. Consider the following statements.
(1) There is a descent generic polynomial for G over F .
(2) There is a generic Galois extension for G over F .
(3) There is a generic polynomial for G over F .
Then (1) implies (2) implies (3), but (2) does not imply (1) and (3) does not imply (1).
Proof. (1) implies (2). Assume p(t1, . . . , tm)(x) ∈ F(t1, . . . , tm)[x] is a descent generic
polynomial for G over F . Write p(x) =∑(ai/bi)t i , where ai, bi ∈ F [t1, . . . , tm] and
let a/b be the discriminant of p(x) with a, b ∈ F [t1, . . . , tm]. Let s = (∏bi)ab and let
R = F [t1, . . . , tm](1/s). Let L be the splitting field of p(x) over F(t1, . . . , tm) and let S be
the integral closure of R in L. Then S/R is a Galois extension of F -algebras with Galois
group G by [3, Proposition 2.1.2] and S is the splitting ring of p(x) over R. Let K be
any field extension of F and L any Galois extension of K with Galois group G. Let e be
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a primitive idempotent in L and write L = Le ⊕ L(1 − e). Let H = {σ ∈G | σ(e) ∈ e}.
Then Le is a Galois field extension of K with Galois group H . Since p(x) is a descent
generic polynomial for G over F there is a substitution ti → λi with λi ∈ K such that
g(λ1, . . . , λm)(x) is separable over K with Galois group H and splitting field Le. The
image of s under this substitution must be nonzero so there is induced a homomorphism
φ :R → K . Thus by [8, 0.4], both L and S ⊗φ K are isomorphic to IndGH(Le) as K-
algebras. This shows that S/R is a generic extension for G over F .
(2) implies (3). We check the existence of a generic Galois extension S/R for G over
F implies the lifting property. Let T be a local F algebra with maximal ideal M . Let K =
T/M and assume N/K is a Galois field extension with Galois group G. Let φ :R→K be
a homomorphism with N ∼= S ⊗φ K . We are given R = F [t1, . . . , tm](1/s). Let ai = φ(ti )
and choose bi ∈ T such that bi is a preimage of ai . Define θ :R→ T by setting θ(ti)= bi .
Note that θ(s) is invertible because T is local. Since S⊗T ⊗T/M ∼= S⊗K ∼=N , we have
T ′ = S ⊗θ T defines a lifting for N/K .
(2) does not imply (1) and (3) does not imply (1) are shown in Example 4. ✷
Note 8. Proposition 2.6 of [8] asserts that for any finite abelian group G whose 2-Sylow
subgroup has exponent r and any field F , if ρ(r) is a primitive rth root of unity over F
and F(ρ(r))/F is a cyclic extension then there is a generic Galois extension for G over F .
By Theorem 7, this implies that there is a generic polynomial for such (F,G), improving
the existence part of Smith’s result cited in Note 6, but not giving the generic polynomial
explicitly.
Note 9. If G is an abelian group and F is any field, then there is a generic polynomial for
(F,G) if and only if there is a generic Galois extension for (F,G). If F is infinite this is
Ledet’s result (true for any finite group G [4]). If F is finite, Proposition 2.6 of [8] implies
that there is always a generic Galois extension for (F,G), so by Theorem 7 there is also
always a generic polynomial for (F,G) in this case.
Note 10. Let F be a finite field and G a finite group of order n. If there is a generic
polynomial for G over F , then there is a finite extension field K of F such that there is a
generic Galois extension for G over K . The point is that such an extension exists whenever
every Galois extension of K with group G has a normal basis with the property that the
difference of two elements is always a unit, and since this condition is encoded in the
nonvanishing of a polynomial [8, Lemma 5.2], if K is large enough (but still finite) this
condition will be satisfied.
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